We investigate how product measures behave when used as a trial distributions for the free energy functional of the Sherrington-Kirckpatrick model that is obtained from the Cavity
A trial state for the Sherrington-Kirckpatrick (SK) model in the low temperature phase is presented, where the spin group is partitioned into a number of subgroups that behaves independently like Random Energy models (REM, see for example [3] for a definition). We show that the probability measure associated to L levels of Replica Symmetry Breakings (RSB, see [1] [2] [3] [4] [5] [6] ) would be given by the product of L independent REM Gibbs measures. This ansatz is tested by computing the corresponding functional from the expression of the free energy that one obtains from the Cavity method [1] [2] [3] and it provides the correct Parisi functional.
I. LOWER BOUND VIA CAVITY METHOD
We start by introducing the basic notation and recall the free energy functional obtained from Cavity method. Let consider a finite spin system of N spins, governed by the SK Hamiltonian
with J instance of a Gaussian random matrix with normal independent entries of unitary variance.
As usual, we define the partition function
and the associated Gibbs measure
The free energy density is written in term of the pressure
Following the derivation of Aizenmann et al. (see for example [2, 3] ) we define the cavity variables, ie the cavity fieldx
and the correction termỹ
that is proportional to the Hamiltonian in distribution. Then, apart from vanishing contributions in the large N limit, the cavity representation of the incremental pressure is
and can be shown [4] that the actual pressure satisfies
giving a lower bound that is proven exact for the SK model in the thermodynamic limit. In the previous we dropped the explicit dependence from the noise matrices, also, for notation convenience we introduce a labeling for the support of µ. In our case it is the binary spin kernel
Then, the measure is written as a mixture of atomic product measures
where the points µ α ∈ [0, 1] are given by the definition
For example, with this notation the average of a function ofx (σ) is
where we also lighted the symbols for the cavity variables
After these manipulations the functional is as follows
II. SIMPLIFIED ANSATZ
We can introduce our simplified version of the L-RSB ansatz, which assumes that the system at equilibrium is decomposed into a large (eventually infinite) number L of independent REM subsystems. Consider the vertex set V , then we define the following partition
summing all the subsets we get back the full system
Here is the ansatz: we assume that at equilibrium each subsystem V ℓ behaves as an independent system governed by the Hamiltonians
and ignores the rest of the system. In ket notation, we say that the equilibrium state |V of the system at given β and J can be decomposed as follows
where |V ℓ are the eigenstates of the Hamiltonians H ℓ . In the base formed by the states |V ℓ the Hamiltonian operator is diagonal
The associated measure is a product measure as can be seen by the following manipulations
In particular, ξ ℓ are the Gibbs measures associated to the Hamiltonians H ℓ
Since the subgroups are assumed independent we can arbitrarily fix the order in which we are going to average over them. The points of the measure are then relabeled as follows
where the sub-points ξ α ℓ ℓ are given by
and the Hamiltonian is discussed after. Notice that ξ α ℓ ℓ only acts on those variables involving spins in V ℓ and its support is
where the state τ α ℓ ∈ Ω V ℓ is the α ℓ −th atom of the measure that describes the subsystem V ℓ ,
III. CAVITY VARIABLES
Here we deal with the computation of the cavity variables according to our ansatz. The cavity field is easy, as it is natural to split
into independent variables that are functions of the V ℓ spins onlỹ
Although the natural parameters to control the sizes of the subsystems V ℓ would be |V ℓ | = v ℓ N , to make the next computation easier (and match the Parisi formula exactly as it is presented in [3])
we introduce the new set
the sizes of these new sets are given by
the sequence of q ℓ will correspond to the usual overlap parameter of the Parisi functional.
The correction therm is more subtle, but we can still decompose it into independent contributions. This is done as follows: call
the edges set associated to V , then V induces a partition of W into subsets W ℓ such that each W ℓ contains all edges with both ends in Q ℓ minus those with both ends in Q ℓ−1 . Then, introducing the variablẽ
we can write the decomposition
where 1/ √ 2 comes from removing the i < j constraint under the assumption thatJ is asymmetric almost surely. Notice that sinceJ is independent from J we expect that the state |V do not diagonalize the HamiltonianH, and we can consider |V ℓ independent from the correction therm.
Then we expect thatg
ℓ to be normally distributed with unitary variance for all ℓ. Now compute
Then, the cavity variables are given bỹ
Putting together the functional becomes
It only remains to discuss the properties of the sub-points ξ α ℓ ℓ under the assumption that they are approximated by REM Gibbs measures.
IV. REM AND THE PARISI FORMULA
If the H ℓ is distributed like a Gaussian random variable, that is a Random Energy model, then µ is obtained from a product of measures of the kind [3] 
where η α ℓ ℓ are points coming from a Poisson Point Process (PPP) η ℓ of rate λ ℓ , with the rate parameter λ ℓ depending on the variance of H ℓ . Then by the special average property of PPP [3, 4] , also known as Little Theorem [5] , we have
for some constant K ℓ . This allows to compute the main contribution
by applying the recursion Y
down to ℓ = 0. Then we compute the correction therm in the same way, finding
Putting together the contributions depending from K ℓ cancel out and we obtain the Parisi functional as formulated in [3] A (µ)
Notice that in the described trial system the overlap support is nontrivial, but not necessarily ultrametric. Even if we obtained the correct functional we cannot conclude that this simplified ansatz produces stable solutions at the microscopic level, and we remark that in the previous computations the product measure assumption could be weakened considerably to that the sequence of marginal measures of µ on Q ℓ is proportional to some martingale.
Although this result is not a mathematical coincidence and it has a natural physical explanation we deliberately avoid to give it there because it requires a careful discussion, a general ansatz with the proper ultrametric overlap structure is presentedz in [6] .
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